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Fuel cells are electrochemical devices which convert fuels directly into electrical energy 
without combustion. The Solid Oxide Fuel Cell (SOFC) is the most promising energy 
saving technology to generate electric power. The present work characterizes the thermal 
stresses arising during the operation of planar solid oxide fuel cells which is a critical 
factor in the development of an efficient fuel cell. The thermal stresses are calculated 
from the temperature fields using ANSYS™. A sequentially coupled thermal stress 
analysis approach is implemented for the two-dimensional five stack fuel cell model and 
a structural analysis for the three-dimensional single stack fuel cell. The stresses due to 
the difference in the thermal expansion coefficients of the components of the fuel cell, 
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  CHAPTER 1 




Fuel cells are potentially useful energy conversion systems due to high power generation 
and heat recovery efficiency with low pollution rate. A fuel cell produces electricity 
directly from a gaseous fuel by electrochemical thermal reaction of the fuel with an 
oxidant. Solid oxide fuel cells (SOFCs) are the promising candidates for energy 
conversion systems because of their higher energy conversion efficiency than those of            
conventional heat energy systems and other types of fuel cells. Moreover, solid oxide fuel 
cells are less sensitive to fuel composition compared to other fuel cell and allows the use 
of conventional hydrocarbon fuel cells without any external reformer. In SOFC stack 
designs, the planar solid oxide fuel cell has received much attention as it is simpler to 
fabricate and the compact size of the fuel cell stack results in better mechanical strength. 
Recently, fuel cell research and development has received much attention due to the 
widening interest in this technology. Multikilowatt fuel cells having features of a 
practical power generation system have been operated for several thousand hours and 
have shown excellent performance. [2] 
 
1.2 Principle of Operation of a Fuel Cell 
A fuel cell converts the chemical energy of oxygen and hydrogen directly to electrical 
energy. The operating principle of a fuel cell is similar to that of a battery, which is an 
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electrochemical combination of reactants to generate electricity. A fuel cell does not 
require recharging, it employs gases as reactants and operates as long as fuel and oxidants 
are supplied to the electrodes. Whereas a battery contains all the substances in the 
electrochemical oxidation-reduction reactions and therefore has limited capacity. Direct 
conversion of fuel energy to electricity is the key characteristic of fuel cell operation 
whereas in a conventional power system, the chemical energy is first converted to 
thermal energy, then to mechanical energy and finally to electricity.   
 
The electricity generation mechanism of a fuel cell is similar to that of the 
electrochemical combustion. However, the reactants are made of two separate 
electrochemical reactions. The overall reaction in the fuel cell, like combustion, consists 
of the reduction of oxygen at the cathode and the oxidation of hydrogen at the anode. In a 
fuel cell the transfer of electrons takes place through the interconnect which also keeps 
the fuel and the oxidizer from mixing. Therefore in a fuel cell, chemical energy is directly 
converted into electrical energy without any intermediate steps. 
 
A single fuel cell is composed of a cathode, electrolyte and anode where the fuel is fed to 
the anode and the oxidant is fed to the cathode. The electrolyte is an ion-conducting 
membrane that separates the oxidant and hydrogen and allows the conduction of ionic 
oxygen. When hydrogen reacts with oxygen at the anode/electrolyte interface, two 
electrons associated with the oxygen are replaced with hydrogen, producing electricity 
and water. The most commonly used fuel and oxidant in a SOFC are hydrogen and 
oxygen respectively. In the operation of a SOFC, the fuel (e.g., hydrogen) at the anode is 
oxidized and electrons are released to the external circuit. And the oxidant (e.g., oxygen) 
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at the cathode is reduced and electrons accepted from the external circuit. The electron 
flow from the anode to the cathode through the external circuit produces electricity. 
These electrons are freely conducted back to the cathode where the incoming supply of 
oxygen is dissociated, hence sustaining the reaction. For this reaction to occur, the 
temperature of the fuel cell must be maintained above the activation temperature which is 









At the cathode/electrolyte interface, the reduction of oxygen in a SOFC based on an 
oxygen ion-conducting electrolyte is given as 
                                 
                              ½ O2 + 2e- → O2-                                                                           (1.2.1)                
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At the anode/electrolyte interface, oxidation of hydrogen is given as 
 
                             H2 + O2- → H2O + 2e-                                                                                                    (1.2.2) 
 
Overall reaction  
   
                             H2+½ O2 → H2O                                                                          (1.2.3) 
 
Water is produced when the oxide ions migrate from the cathode to the anode and reacts with 
hydrogen, which has to be removed from the system. 
 
1.3 Types of Fuel Cells 
 
Fuel cells are divided primarily by the type of electrolyte that is used. The electrolyte 
determines the kind of chemical reaction that takes place in the cell, the temperature 
range in which the cell operates, the catalyst needed and other factors. These 
characteristics, in turn, affect the application of the fuel cells. Depending on the 
temperature range at which the fuel cells operate, they can be broadly classified into – 
high temperature fuel cells and low temperature fuel cells. 
 
1.3.1 High Temperature Fuel Cells 
In general, high temperature fuel cells are more efficient than low temperature fuel cells 
in generating electricity. The high temperature provides the benefit of increased 
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efficiency but presents a problem for transportation application. Solid Oxide Fuel Cells 
(SOFCs), Phosphoric Acid Fuel Cells (PAFCs) and Molten Carbonate fuel cells 
(MCFCs) fall under the category of high temperature fuel cells.  
 
1.3.1.1 Solid Oxide Fuel Cells 
Solid oxide fuel cells use solid, non-porous ceramic compound as the electrolyte. The 
efficiency of converting fuel to electricity is expected to be around 50-60 percent. The 
fuel use efficiencies to capture and utilize the system waste heat could top 80-85 percent. 
The SOFCs operate at very high temperature around 1000°C. High temperature operation 
reduces cost by removing the need for precious-metal catalyst and also allows to reform 




  Cathode:            ½ O2 + 2e- → O2-                                                                      (1.3.1.1.1) 
  Anode:               H2 + O2- → H2O + 2e-                                                              (1.3.1.1.2) 
  Overall:              H2+½ O2 → H2O                                                                      (1.3.1.1.3) 
 
The oxygen ions migrate from cathode to anode and water is formed at the 
anode/electrolyte interface. The most commonly used cathode and anode materials are 
lanthanum manganite (LaMno3) and Ni-YSZ. The usual electrolyte used is yittria 
stabilized zirconia (YSZ).   
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1.3.1.2 Phosphoric Acid Fuel Cells 
 
Phosphoric acid fuel cell (PAFC) is the first fuel cell to be used commercially. These fuel 
cells are typically used for stationary power generation, but some of them have been used 
in large vehicles such as city buses. PAFCs are 85 percent efficient when used for co-
generation of heat and electricity, but less efficient at generating electricity alone (37 to 
42 percent). These fuel cells are typically large and heavy and require expensive platinum 
catalyst which increases the cost of the fuel cell. A typical phosphoric fuel cell costs 
around $4,000 to $4,500 per kilowatt. The electrode reactions are 
 
Electrochemical Equation 
Anode:        H2 → 2H+ + 2e-                                                                                                                         (1.3.1.2.1) 
Cathode:    ½O2 + 2H+ + 2e- → H2O                                                                    (1.3.1.2.2) 
Overall:      H2 + ½O2 → H2O                                                                               (1.3.1.2.3) 
 
The electrolyte used in phosphoric acid fuel cells is liquid phosphoric acid which is 
contained in a Teflon-bonded silicon carbide matrix. The electrodes used are porous 
carbon containing a platinum catalyst. These fuel cells operate at a temperature of 205 °C 
to 210°C. The reaction is sustained by the transport of H+ ions from anode to cathode. 
 
1.3.1.3 Molten Carbonate Fuel Cell 
Molten carbonate fuel cells (MFCSs) use an electrolyte composed of a molten carbonate 
mixture suspended in a porous and chemically inert ceramic lithium aluminum oxide 
(LiAlO2). These fuel cells operate at a temperature of 650 °C. MCFCs are developed for 
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natural gas and coal based power plants which are used for electrical utility, industrial 
and military applications. Improvement in efficiency offers a significant cost reduction 
over phosphoric acid fuel cells. The efficiency of molten carbonate fuel cells reaches 60 
percent. Due to high temperatures, the fuels are converted to hydrogen within the fuel cell 
itself by a process called internal reforming. The electrode reactions are 
 
Electrochemical Equation 
Anode:               H2 + CO32- → H2O + CO2 + 2e-                                                                         (1.3.1.3.1) 
Cathode:           ½ O2 + CO2 + 2e-  → CO32-                                                          (1.3.1.3.2) 
Overall:             H2 + ½ O2 + CO2 → H2O + CO2                                                                         (1.3.1.3.3) 
 
Molten carbonate fuel cell uses carbon monoxide as a fuel input on the cathode side and 
hydrogen on the anode side. Materials used for anode are Ni-Al-Cr, Ni-Al and Ni-Cr and 
the materials used for cathode are NiO-MgO. The major problem of the molten carbonate 
fuel cell is, during the operation of the fuel cell, the electrolyte has a corrosive nature.  
 
1.3.2 Low Temperature Fuel Cells 
Low temperature fuel cells have a quick start-up time and the weight of the fuel cell is 
lower than that of high temperature fuel cells. Most of the transportation fuel cells fall 
under the category of the low temperature fuel cells. The low temperature fuel cells are 
Alkaline Fuel Cells (AFCs), Proton Exchange Member or Solid Polymer Membrane Fuel 
Cells (PEMFCs or SPMFCs) and Regenerative fuel cells, which is comparatively a young 
fuel cell technology.  
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1.3.2.1 Alkaline Fuel Cells 
Alkaline fuel cells (AFCs) are considered to be one of the first fuel cells technologies 
developed. These fuel cells were widely used in the space program to produce electricity 
and water on the spacecraft. The electrolyte used in these fuel cells is a solution of 
potassium hydroxide in water and the electrodes used are nickel electrodes. A variety of 
non-precious metals are used as a catalyst at the anode and cathode. The operating 
temperature of the AFCs is around 23 °C to 70 °C. The rate at which the chemical 
reaction takes place in the fuel cell is very high and the efficiency of the fuel cell is 
around 60 percent. The reactions at the electrode of AFCs are  
Electrochemical Equation: 
Anode:       H2 + 2(OH)-  → 2H2O  +  2e-                                                             (1.3.2.1.1) 
Cathode:     ½ O2 + H2O + 2e-  → 2(OH)-                                                                                           (1.3.2.1.2) 
Overall:       H2 + ½ O2 + CO2 → H2O                                                                  (1.3.2.1.3) 
 
The main disadvantage of this type of fuel cell is that it gets easily poisoned by carbon 
dioxide (CO2). Even a small amount of CO2 in the air affects the cell operation, making it 
necessary to purify both hydrogen and oxygen used in the fuel cell. Susceptibility to 
poisoning affects the cell life which in turn adds to the cost of the fuel cell. 
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1.3.2.2 Proton Exchange Member (PEM) or Solid Polymer Fuel Cells (SPFCs) 
Proton exchange member (PEM) fuel cells have an advantage of low weight and volume 
over the other type of fuel cells and also offer high power density. The electrolyte used in 
the PEM fuel cells is solid polymer and carbon or nickel electrodes coated with 
Polytetraflouroethylene (PTFE) containing platinum catalyst are used. The fuel used is 
pure hydrogen supplied from storage tanks or onboard reformers. Solid polymer fuel cells 
operate at a temperature around 80 °C.  As these fuel cells operate at a low temperature, 
they start quickly which results in less wear on the system components leading to better 
durability.  
Electrochemical Equation: 
Anode:        H2 →2H+ + 2e-                                                                                   (1.3.2.2.1) 
Cathode:    ½ O2 + 2H+ + 2e-  → H2O                                                                   (1.3.2.2.2) 
Overall:        H2 + ½ O2 → H2O                                                                            (1.3.2.2.3) 
 
The platinum catalyst which is used to separates hydrogen’s electrons and protons adds to 
the cost of the system. The platinum catalyst also causes poisoning due to carbon 
monoxide (CO) and therefore an additional reactor is needed to reduce the CO in the fuel. 
PEM fuel cells are primarily used for transportation applications, primarily in cars and 
buses. They are also used in some stationary applications. 
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1.3.2.3 Regenerative Fuel Cells 
 
Regenerative fuel cell is comparatively a young fuel cell technology which is still being 
developed. It provides excellent power instantly even at temperatures below freezing 
point. Regenerative fuel cell generates 75% of peak power at 25°C and 50% of power at 
0°C and down to below -20°C. The electrolyte used in the fuel cell is sodium bromide. 
This type of fuel cell produces electricity from hydrogen and oxygen just like the other 
types of fuel cells. Regenerative fuel cells are used to power vehicles in a cleaner way 
and to make better use of domestic resources. A 50-kilowatt cell can power a lightweight 
car without any undesirable emissions. The regenerative fuel cell can be designed to 
operate in the reverse direction as an electrolyzer, where electricity is used to convert 
water back to hydrogen and oxygen. This fuel cell is an excellent energy source in 
situations where weight is a concern.      
 
1.3.3 Application of Fuel Cells 
Fuel cells offer several advantages when compared to conventional electric power 
generation systems. They provide substantially high power generation efficiency, low 
production of pollutants, minimal siting restrictions and potential for cogeneration. Due 
to various desirable characteristics of the fuel cells, they can be considered for 
applications ranging from large multimegawatt electric utility power plants to compact 
kilowatt space power systems.  According to the economic studies, fuel cells can be 
produced and operated at costs competitive with other power generation systems.  
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Fuel cells have been successfully used in stationary power installations for emergency 
power for hospitals, communications facilities, computer installations and factories. 
Direct methanol fuel cells are used in personal electronic devices like mobile phones and 
laptops. In transportation, fuel cells are used mostly in cars and buses but also in planes 
scooters, bicycles, trains, boats as well as in highway road signs. PEM fuel cells are used 
in landfills and waste water treatment plants where methane gas is converted into 
electricity. Military applications are expected to become a significant market for fuel 
cells as it provides power from land and sea transportation to portable devices used in the 
field.  
 
1.3.4 Literature Review 
The design of planar solid oxide fuel cells (SOFCs) is focused on the electrochemical 
performance and the mechanical integrity. Heat transfer and stress analyses are usually 
separated and then sequentially analyzed. The heat transfer is followed by the stress 
analysis and these stresses do not affect the heat transfer. However, with the maturaty of 
SOFC technology, the practical implementation is shifting its focus towards the stresses 
inherent in the fuel cell design. Therefore, the study of thermal stresses within solid oxide 
fuel cells is an essential aspect in the development of the fuel cell systems. Fuel cell 
modeling for the stresses can be categorized as two-dimensional and three-dimensional 
modeling.   
 
Residual stress analysis of cylindrical solid oxide fuel cells was presented by Kato            
et. al., 1997. The residual stresses in the cylindrical SOFCs and the process temperatures 
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were estimated using analytical modeling of the axisymmetric structure.  From the 
analysis it is inferred that the axial stresses induced in the electrodes are high enough to 
break the structure under the assumed realistic conditions.  
Busso E. P et. al., 1998 studied the residual stress generation during the sintering of the 
ceramic layers in an SOFC. This work investigated the stresses developed in the thin 
layer of ceramic structure when it was sintered to the rigid substrate under non- 
isothermal conditions. A correlation was developed between the residual stresses 
extracted from curvature measurements and analytical methods.  
Lowrie F.L et. al., 2000 studied the room and high temperature failure mechanism in 
solid oxide fuel cell. The stability of yittria stabilized zirconia (YSZ) at elevated 
temperatures was investigated and there was evidence of crack initiation and propagation 
mechanisms. Constant load tests at operating temperatures revealed creep in the YSZ 
electrolyte which occurred due to grain boundary diffusion mechanism.  
H. Yakabe et. al., 2001 constructed a three-dimensional model for a planar SOFC. Finite 
volume method was employed for calculating the temperature distribution, potential 
distribution and current density using a single-unit model. The stress distributions were 
calculated using the finite element program ABAQUS™ from the simulated temperature 
distributions in the electrolyte and the interconnect. From these results, the effects of  cell 
size,  operating voltage and thermal conductivity of the cell component were investigated. 
It was found that, co-flow pattern is advantageous to mitigate the steep temperature 
gradient and therefore to reduce the thermal stresses.  
Thermal stress analysis in planar solid oxide fuel cells due to thermal expansion 
differences was explained by C.S Montross et. al., 2002. Stresses arise mainly due to 
temperature gradient, changes in the material properties, material reliability and 
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differences in thermal expansion coefficients. In this literature, broad recommendations 
were made on the importance of reducing the differences in thermal expansion 
coefficients of the materials and the effects of size were examined. Two planar solid 
oxide fuel cell models with closed form solutions were used to investigate the thermal 
tensile and shear stresses.  
Modeling and mitigation of SOFC failure was done by Jianmin Qu et. al., 2003. In this 
research a model was developed for simulating thermal spalling failure during steady 
state operation. A methodology was developed to establish a relationship between airflow 
and the thermal shock induced stresses within the cathode. Further, the effects of 
radiation on the temperature profile in a monolithic SOFC were studied and the location 
of failure within the P-E-N was predicted.   
Mark Boersma et. al., 2003, presented a stress analysis for an operating SOFC stack 
under combined pressure loading and rejected heat due to stack operation. The finite 
element model was developed at Global Thermoelectric, Inc assisted by ANSYS™ 
technical support. For the stress analysis, the temperature gradient across the cell was 
used and the constraints on the bottom plate were set to allow frictionless expansion in 
the horizontal plane while fixing it in the vertical plane. As a result, design improvements 
and alterations were made by reducing the iterations and analyzing the problematic areas.  
The issues affecting the mechanical integrity of SOFCs were studied by Samuel T. Hagos 
et. al., 2003. Half cells made of yittria stabilized zirconia (YSZ) electrolyte were used. 
And this electrolyte which is coated with an anode and cathode was prepared for the 
residual stress analysis and to calculate the creep. Also the porous supported material was 
tested to fracture under thermally induced stresses. The results of the residual stresses 
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measurements based on the curvature measurements were compared with the research 
from finite element stresses.  
Jason LeMasters et. al., 2004 presented a thermal stress analysis of Linear Cellular Alloys 
(LCA) - based SOFCs. Approximate finite difference techniques were developed to 
analyze the temperature distributions resulting from a range cell geometries and materials 
of a hybrid solid oxide fuel cell. From these temperatures, the corresponding thermal 
stresses were calculated using ABAQUS™. The hybrid solid oxide fuel cell model was 
analyzed for manufacturing, start-up and steady state operating conditions. 
Yakabe H et. al., 2004 evaluated the residual stresses for an anode- supported solid oxide 
fuel cell experimentally and numerically. X-ray diffraction method was employed to 
measure the residual stresses and it was found that the compressive stresses in the 




The main focus in this research is to estimate the stresses in the components of a planar 
solid oxide fuel cell (SOFC). During the steady state operation of the fuel cell, air flows 
in the air channels over the cathode and fuel over the anode causing a non-uniform 
temperature distribution in the structure which in turn causes thermally induced stresses. 
Finite element analyses using ANSYS™ are carried out to accurately predict the stress 
levels in the components of the fuel cell.  
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The planar type SOFC design has been used as it received much attention due to its 
simplicity to fabricate and also because it offers higher power density relative to the 
tubular type of SOFC. In the planar design, the electrolyte which is a flat plate is 
fabricated by tape-casting and the anode and cathode are applied to either sides of the 
electrolyte creating a P-E-N structure. An interconnect having gas channels is located 
above and below the P-E-N structure and glass seals are plugged at the outer edges of the 
interconnect-electrolyte intersection. The planar SOFC has been modeled by the use of 
mathematical models and finite element analysis by Yakabe et al., (2001). Yakabe 
developed a mathematical model for the electrochemistry of the fuel cell and this model 
was implemented into a thermo-fluid model created in STAR-CD™ which is a CFD 
program. The results of the STAR-CD™ program were then inserted into ABAQUS for 
thermal stress analysis. In the work by Keegan (2002), the electrochemistry model was 
based on a program called ASPEN™. The results from ASPEN™ were fed into STAR-
CD™ for thermo-fluid analysis, which in turn was used in ANSYS™ to model transient 
stress distribution. However, in this work, only thermal stress analysis is performed using 
ANSYS™ with the help of calculated temperature distributions in the components from 
the computational fluid dynamics (CFD) codes developed by WVU CFD & AMP 
Laboratory [10]. 
 
The purpose of the present work is to estimate the operating stresses in a five stack two-
dimensional model and a single three-dimensional model using ANSYS™. A coupled 
thermo-structural analysis is performed for the two-dimensional model and a static 
structural analysis for the three-dimensional model. In the stress calculation, the 
temperature profile from the CFD codes [10] was read into the ANSYS™ at the nodes 
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which were interpolated within the elements. The plates of material in the two-
dimensional and three-dimensional models are constrained such that they can expand or 
contract but cannot rotate. This avoids gas leakage and connection problems and is more 
mechanically robust. Therefore, with the help of these analyses, the location of failure 

























Solid oxide fuel cells, also called ceramic fuel cells have several advantages compared 
with other type of fuel cells. SOFCs operate at high temperatures and have all-solid-state 
construction, mainly ceramic. Due to these characteristics the fuel cell can be configured 
into compact and light weighted structures which cannot be achieved in fuel cells having 
liquid electrolyte. Components of the SOFC exhibit relatively low electrical conductivity, 
therefore the components must be fabricated very thin to reduce internal resistance losses. 
Other desirable characteristics of the fuel cell components are high strength, toughness 
and low cost.  A solid oxide fuel cell basically consists of an electrolyte, conducting 
oxide ions sandwiched between two porous electrodes.  
 
2.2 Current Solid Oxide Fuel Cell Technology 
At present, four common configurations have been proposed and fabricated which satisfy 
these design requirements. They are – (1) tubular design, (2) monolithic design,                
(3) planar design and (4) segmented cell design. In the tubular solid oxide fuel cell 
design, a hollow cylinder with an electrolyte wall is present. Air flows through the center 
of the cylinder and the fuel passes over the outside. Unlike the other type of fuel cells, the 
tubular design eliminates the need for seals and allows thermal expansion. The cell is 
built up in layers on the cathode with an axial interconnect which allows the cell to be 
connected together in series. At elevated temperatures, the oxygen in the air ionizes and 
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these ions flow through the electrolyte and combine with the fuel which is on the exterior 
of the cell. The electrons released due to electrochemical reaction, flow through an 
external circuit and produces electricity. The planar design consists of alternating flat 
plates of anode, electrolyte, cathode and the interconnect. A stack of anode, electrolyte 
and cathode is also referred as the PEN. The flat plates must be sealed at the edges to 
prevent the gas from escaping and also to withstand the stresses developed by the 
expansion of the interconnect and electrolyte. During the operation of the fuel cell, the 
oxygen ions are conducted from the cathode to the anode where they react chemically 
with the hydrogen. Due to the passage of these ions an electric charge is induced which is 
collected and conducted away from the cell. The monolithic design is similar to that of 
the planar solid oxide fuel cell design, however the electrolyte of the monolithic cell is 
corrugated to increase the efficiency. The PEN of the fuel cell is co-fired and layered 
with the interconnect. The monolithic design has the highest power density due to the 
close proximity of the interconnect layers. The segmented-cell-in-series design consists 
of a number of small cylindrical cell segments that are in contact with a planar metallic 
interconnect. The interconnect sheet electrically connect one cell segment to the other 
which are above and below as well as the cell segments on the same side of it which 




                  
 
           
 
Figure 2: Various Solid Oxide Fuel Cell Designs [2] 
 
2.3 Components Of An SOFC 
The components of the SOFC perform specific functions and are fabricated from a 
variety of materials. The four components of the SOFC are 
 
1. Anode 





The electrochemical oxidation of the fuel takes place at the anode/electrolyte region. A 
three component interface region is formed at the anode as it provides a reaction site for 
the fuel. Therefore the main function of the anode is that it must be stable in the fuel 
reducing environment and have sufficient electronic conductivity and catalytic activity 
for the fuel reaction. The other important properties the anode must possess are chemical 
and thermal compatibility with the other cell components from room temperature to 
higher temperatures at which the fuel cell is fabricated. Additionally the anode must be 
chemically stable, have sufficient porosity to allow transport of gas to the reaction site 
and the thermal expansion coefficient must match that of the other cell components to 
avoid cracking during fabrication and operation. 
 
The above mentioned requirements are satisfied by many ceramics and metallic 
materials. The solid oxide fuel cells are operated at high temperatures; therefore the 
suitable metals are mainly nickel, cobalt and noble metals. The most commonly used 
metal is nickel (Ni) dispersed on Yittria stabilized Zirconia (YSZ) support (cermet). 
Nickel is primarily preferred due it its low cost and YSZ is used to maintain the porous 
structure of Ni at high temperatures and to provide anode thermal expansion coefficient 




Thermal conductivity 5.84W/mK 
Young’s  Modulus 96GPa 
Thermal expansion coefficient 12.5 e-6/°K 
Failure Strength 90MPa 
 
Table 1: The material properties of Ni-YSZ [2], [7], [10] 
 
2.3.2 Cathode 
The main function of the cathode is to provide a reaction site for the electrochemical 
reduction of the oxidant. The key requirement of the cathode is that it must be stable in 
the oxidant oxidizing environment and have sufficient electronic conductivity and 
catalytic activity at operating conditions. The other properties that the cathode must 
posses are chemical and thermal compatibility with the other cell components, chemically 
stability in the oxidant environment, sufficient porosity to allow gas transport to the 
reaction sites, thermal expansion coefficient match with that of the other components and 
sufficient catalytic activity. 
 
As the fuel cell operates at high temperatures, only noble metals and electronic 
conducting oxides can be used as cathode materials. Doped lanthanum manganite 
(LaMnO3) is the most extensively used cathode material as it meets the requirement of 
thermal expansion match with other components.  Also LaMnO3 is adequately 
compatible with Yittria stabilized Zirconia (YSZ) which is the electrolyte and has high 
electrical conductivity in oxidizing atmosphere.   During the operation of the solid oxide 
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fuel cell, LaMnO3 is stable in oxidizing atmosphere. Table 2 shows the typical 
mechanical properties of LaMnO3. 
 
Thermal conductivity 4W/mK 
Young’s  Modulus 96.71GPa 
Thermal expansion coefficient 11.2 e-6/°K 
Failure Strength 140MPa 
 
Table 2: The material properties of LaMnO3 [2], [7], [10] 
 
2.3.3 Electrolyte 
The electrolyte of the solid oxide fuel cell separates the fuel from the oxidant and 
conducts ions between the cathode and the anode. The ions produced at the cathode are 
carried to the anode by the electrolyte and the charge is balanced due to the flow of the 
electrons completing the electric circuit in the fuel cell. The properties the electrolyte 
must possess are, stability in the oxidizing and reducing environments, ionic conductivity 
at operating conditions and impermeability to the reacting gases. As the SOFC operates at 
high temperatures, the electrolyte must be thermally and chemically compatible with the 
other components of the fuel cell at all temperatures. The other properties the electrolyte 
must posses are thermal expansion match with that of the other components of the cell, 
high mechanical strength and toughness. 
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The most commonly used electrolyte material in the SOFC is Yittria stabilized Zirconia 
(YSZ). The alternative materials which are used at lower temperatures are Doped ceria 
(CeO2) and Stabilized bismuthsesquioxide (Bi2O3). YSZ is exclusively used as it 
possesses an adequate level of oxygen-ion conductivity and has a desirable stability in 
both the oxidizing and reducing environments. As YSZ is typically selected as the 
baseline material, the thermal expansions of the other cell materials are modified to 
match that of the electrolyte. Table 3 shows the typical mechanical properties of YSZ. 
 
Thermal conductivity 2.16 W/mK 
Young’s  Modulus 200GPa 
Thermal expansion coefficient 10.8 e-6/°K 
Failure Strength 177MPa 
 
Table 3: The material properties of YSZ [2], [7], [10] 
 
2.3.4 Interconnect 
The primary function of the interconnect is that it connects the anode of one cell to the 
cathode of the other cell in an electrical series and also separate the fuel and oxidant in 
adjoining cells of a stack. The key requirement of the interconnect is that it must be stable 
both in oxidizing and reducing environments. It should also have sufficient conductivity 
to support electron flow during the operation of the fuel cell. The other properties the 
interconnect must possess are, impermeability to gases, chemical and thermal 
compatibility with the other cell components from room temperature to higher 
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temperatures during operation and the thermal expansion must match that of the other 
cell components.     
 
Lanthanum Chromite (LaCrO3) is the most commonly used interconnect material since 
1970. The primary features of this material include high electronic conductivity in fuel 
and oxidant atmospheres, adequate stability in the fuel cell environment. Also the 
compatibility of LaCrO3 is reasonable with the other components of the solid oxide fuel 
cell. Permeation of oxygen through LaCrO3 is found to be very limited enhancing the 
efficient operation of the SOFC. The other interconnect materials that can be used are 
CoCr2O4 and YCrO3. Table 4 shows the typical mechanical properties of LaCrO3.   
 
Thermal conductivity 6 W/mK 
Young’s  Modulus 60GPa 
Thermal expansion coefficient (<1200°K) 9.82 e-6/°K 
Failure Strength 73MPa 
 
Table 4: The material properties of LaCrO3 [2], [7], [10] 
 
2.3.5 Edge Seals 
The edge seals prevent the gases flowing through the channels leaking in or out through 
the edges of the porous electrodes. The edge seals must allow thermal expansion co-
efficient match with the components of the fuel cell and provide high temperature 
service. The most commonly used edge seal material is YSZ cement. However, in this 
work, edge seals are not considered in the analysis.  
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2.4 Thermo-Electrochemical Behavior  
In the operation of the planar solid oxide fuel cell, fuel is passed from the channels at the 
anode and the oxidant is passed from the channel at the cathode. The SOFC has an 
oxygen-ion-conducting electrolyte which helps in oxidation and reduction of oxygen at 
the electrodes. Each planar cell is connected together in series and physically stacked on 
top of the other. During the operation of the fuel cell, various physiochemical 
hydrodynamic processes occur within the components of the cell. Electrochemical 
reactions occur at the interfaces between the electrolyte and the two electrodes. The air 
and fuel inlets are heated to high temperatures which help in the initiation of the 
electrochemical reactions. Heat transfer occurs in the solid and fluid region. Also, heat is 
generated at the electrolyte-electrode interface due to electro-chemical reactions and 
ohmic heating occurs within the electrolyte. Mass transfer occurs through the porous gas 
diffusion layers and an electric field potential occurs at the interfaces between the 
electrolyte and the electrodes. Local current distribution in the solid material is 
proportional to the gradient of the electrical potential. These physiochemical processes 
constitute a mathematical model which can be used to predict the temperature distribution 
using numerical methods. 
 
2.5 Thermal Stresses In Planar SOFC 
 
Thermal stresses play a very important role in the development of a reliable and a fuel 
efficient planar solid oxide fuel cell. Non-homogenous temperature distribution inside the 
fuel cell causes large internal stresses. Strict binding of the cell components generates 
mismatch in the thermal expansion coefficients of the components causing large stresses. 
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Material properties like thermal conductivity and thermal expansion coefficient change 
with change in temperatures causing stresses due to the change in the material properties. 
When these thermally induced stresses are sufficiently high, mechanical damages such as 
spalling or micro-cracking can occur in the fuel cell.  
 
2.5.1 Stresses During Fabrication of Planar SOFC 
 
The most common fabrication technique of the planar solid oxide fuel cell is tape casting. 
In this method, slurry of ceramic powder dispersed in a solvent is uniformly spread onto a 
smooth surface and the volatile solvent is removed. The electrolyte stabilized Zirconia 
(ZrO2) powders is made by tape casting where YSZ powder is used as the dispersant. The 
electrodes, Ni-YSZ anode and LaMnO3 cathode are sintered to the electrolyte at a 
temperature ranging from 1300 °C to 1500 °C. After fabrication, the structure is cooled 
from the high sintering temperature to the room temperature. Due to slow cooling rates, 
visco-elastic creep is shown at a temperature above 1200 °C which entirely eliminates 
thermal expansion mismatch stresses. Therefore 1200 °C serves as a reasonable 
assumption for the stress-free temperature, but it is extremely dependent on the material 
selected. As the structure is cooled below 1200 °C, residual stresses build up. Residual 
stresses in a planar SOFC are relatively low because the electrolyte is constrained only by 
the thin layers of anode and cathode.  
 
2.5.2 Stresses During Operation of Planar SOFC 
 
As planar SOFC is the most commonly used fuel cell, much research has been focused on 
the mechanical integrity during the operation of the fuel cell. Stresses during the 
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operation of the fuel cell are mostly contributed by the mismatch of the thermal 
expansion co-efficients of the components, mechanically applied stresses, fatigue and 
thermal shocks. Failure in the fuel cell is not evaluated only based on catastrophic failure, 
but also on the cracking potential and hermetic joints which lead to losses in the 
efficiency of the planar SOFC. In the planar SOFC stack, mechanically applied stresses 
can be neglected as there are no external forces acting on the system and the weight of 
the components is negligible when compared to the strength of the structure.  The 
material failure of the fuel cell due to the operating stresses must be analyzed separately 
for all the components. As the structure operates at a very high temperature range, failure 
can occur at the joint of the interconnect and the PEN, in the PEN, in the interconnect, in 
the interface of the electrolyte and anode or electrolyte and cathode. The maximum 
principle stress determines the failure in the ceramic.  
 
Due to the intimate connection between the interconnect and the electrolyte, large 
stresses arise due to the constraint between the two components. Further stresses are also 
contributed by the cathode and the anode. In the planar SOFC, the electrodes fail before 
there is a significant effect on the overall structure. In this work, thermo-elastic stress 
analysis is performed using finite element analysis. The temperature distribution results 
of the WVU CFD & AMP Laboratory code [10] were inserted into ANSYS™ for stress 
analyses of two-dimensional and three-dimensional planar SOFCs. The planar SOFC 
model is free to expand or contract in all directions, but the translation and rotation of the 
model is constrained. As the displacement at the joint of the PEN and interconnect is 
constrained, the stresses at the joint of these two materials are of great interest for the 
designing of a planar SOFC. The components of the structure are stacked one over the 
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other, therefore bending effects are caused due to the contracting and expanding of the 
horizontal members. In addition the vertical members bend due to the shrinkage of the 
horizontal members. Magnitude of the stress is not dependent on the length of the model 
but depends on the x-y dimensions and the material properties. Wider cells cause large 
stresses in the ceramic side of the joint. As the interconnect-PEN bond increases, the 
stresses within each component increase. Therefore, the operating stress is an important 
design parameter in the selection of the planar SOFC materials.  
 
2.6 Failure Criterion  
Theory of thermal elasticity states that, the stresses generated by non-uniform 
temperature field are proportional to the temperature gradient. Ceramic failure is defined 
as the point where the maximum principle stress exceeds the ultimate strength of the 
material. Stresses in x-direction where the temperature is uniform will be uniform and in 
areas where there is a non-uniform temperature distribution i.e. in y-direction, the stresses 
will be maximum. Hence at these locations possible failure could occur. Elevated stresses 
are likely to be observed near the edges of cell because a large amount of mass is stacked 
at those particular regions, which includes the seals along with the cells and components. 
At elevated temperatures, the mechanical strength of the ceramics becomes low which 
would cause internal stresses and in turn lead to cracks or destruction of the material. At 
the inlets of the gases, large temperature gradient occurs and hence the structural analysis 





3. SOFC THERMAL MODEL 
 
3.1 Introduction 
In this work, the temperature profile results from the thermal analysis for both the two-
dimensional and three dimensional models were given by Celik and Pakalapati, 
Computational Fluid Dynamics (CFD) Laboratory. With the help of these results the 
stresses in the SOFC were evaluated using ANSYS™. For the operation of reliable solid 
oxide fuel cells, evaluating the stresses in the components is very important. One form of 
stress in the SOFC is the thermal elastic stress which is caused due to the mechanical 
constraints, mismatch in thermal expansion coefficient among the components and the 
temperature distribution inside the fuel cell. Various reactions occurring across the planar 
components of the fuel cell, thermal energy transport, heat exchange, electrocatalytic 
reactions, mass transport owing to the oxygen ionic conduction across the electrolyte and 
property involved in current generation are significantly temperature dependent. 
Therefore local temperature plays an important role in determining local current density, 
which, in turn, determines the local heat flux. Temperature distribution is modeled by 
formulating the energy balance equations which describe the heat transfer processes 
occurring in the local heat balance.  
 
The heat transfer processes in the SOFC are due to the heat released or absorbed arising 
from the electrochemical reactions, electrical resistances and the anode fuel chemistry. It 
also includes, heat conduction through the fuel cell components and the heat transfer 
between the cell components and the anode and cathode gas streams. There is heat 
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exchange between the cell and the gas stream due to the combined effect of conductive 
heat transfer and a mass transfer which is associated with the exchange of reacting 
species at the cell temperatures. The other factors that affect the heat transfer processes 
are gas flow channel shape and size, gas flow configuration, gas inlet temperature, gas 
flow rate, cell area, voltage and pressure. The parameters of importance in the fuel cell 
process are delineated with the help of a physical model which also explains the 
relationship between these parameters using the basic laws like the conservation laws. In 
turn, a mathematical model is formulated from the assumptions made to set up the 
physical model. Hence, the accuracy of the assumptions made affects on the accuracy of 
the model in predicting the process variables.   
  
3.2 Mathematical Model 
The mathematical model constitutes the complete description of the physiochemical 
hydrodynamic processes taking place within the components of the solid oxide fuel cell. 
The physical and chemical properties that are considered are the electric potential field, 
the temperature field and sources in the temperature field and the specie equation. In this 
model, a general transport equation for a conserved scalar is derived for a multi-phase 
system. From this the temperature, electric potential, pressure field and specie equations 
are obtained by setting the scalar to be enthalpy and mass fraction respectively. The most 
commonly used three-dimensional generalized transport equation in computational fluid 
dynamics code [17] is  
∂/∂t (εk ρk Φk) + ∆ .( εk ρk ūeff Φk) =  ∆ .( εk ΓΦeff ∆ Φk) + εk ρk S Φk + Fkl                                (3.2.1) 
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where ε is the volume porosity, Φ represents the enthalpy h, S is the net generation or 
destruction, ΓΦeff is the effective diffusion/conduction coefficient, ūeff is an effective pore 
volume averaged velocity, it includes the migration of ion velocity caused by the force 
acting on ions resulting from electric potential gradient. k represents the kth phase and Fkl 
is the interfacial flux at the interface with the other phases.  
 
3.3 Model Equations 
3.3.1 Electric Potential Field 
The electric potential field is determined by Ohm’s law. The local current density 
distribution in the solid material is directly proportional to the gradient of the electric 
potential. The electric potential field [17] is given by 
 
                                         ∆ . i = ∆ . (σeff ∆Φ) = 0                                                    (3.3.1.1) 
 
where σeff  is the effective electric conductivity.  
3.3.1.1 Sources in Electric Potential Field 
There are step changes in the values of the electric potential across the electrode-
electrolyte interfaces. The sources in the electric field due electrochemical reactions are 
located near the Cathode/Electrolyte (C/E) and Electrolyte/Anode (E/A) interfaces [17]. 
They are given by the equations 
 
                           ΦC – ΦsE = ∆EC/E = ∆G°C/E/2F + RT/2F ln(Y ½O2/YO=)C – ηC      (3.3.1.1.1) 
 31
   ΦnE–ΦA = ∆EE/A = ∆G°E/A/2F + RT/2F ln(Y ½H2O/ YH2YO=)A – ηA                                 (3.3.1.1.2) 
 
where R is the gas constant and ηC, ηA are the anodic and cathodic activation 
polarizations respectively.  
 
3.3.2 Temperature Field 
The conduction equation for the mixture (solid and fluid) in the porous region is derived 
from the phase specific equation [17]. The multi-dimensional equation is  
 
∂/∂t (ρCpT)+∆(εCpuT)=∆(k∆T)-∆[εkf ∆(∆T/{1+β}) – (1-ε)ks∆(β∆T/{1+β})]+S      (3.3.2.1) 
 
β is the heat capacity ratio, ∆T is the temperature differential between the solid and fluid 
phases. 
 
In the solid region, the temperature difference or the volume porosity is assumed to be 
zero, then the above equation reduces to  
 
                                            ∂/∂t (ρCpT) = ∆ (k ∆T)                                                  (3.3.2.2) 
 
And for the porous regions, the mass averages of solid and fluid properties constitute the 
transport properties and T will be the mixed phase temperature.  
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3.3.2.1 Sources in Temperature Field 
 
Viscous dissipation due to friction, electrochemical heat generation and ohmic heat are 
the sources of heat generation mechanisms in the pore regions. The ohmic heat in the 
current conducting regions [17] is given by 
     
                                          Smp,elec = σeffp ∆Фp . ∆Фp                                                                      (3.3.2.1.1) 
 
Heating due to electrochemical reactions occur at the Electrolyte/Anode interface. Heat 
source due to reaction is given by 
 
                                       Sreac = mreacT∆sreac                                                                                     (3.3.2.1.2) 
 
3.3.3 Specie Transport Equation 
The species transport equation [17] is given by 
 
                                 ∂/∂t (εk ρk xjk)+ ∆(εk ρk uxjk) = ∆ (εk Гeffk ∆ xjk)+ εk ρk S jk              (3.3.3.1) 
 
here xjk represents the mass concentration of jth species in kth phase. The total diffusion 
resulting from concentration gradients is represented by the first term on the right hand 
side of the equation. It includes Maxwell-Stefan diffusion and Knudsen diffusion terms.  
3.3.3.1 Sources For The Specie 
 
In the specie, the source terms are located near the active region of the 
Electrode/Electrolyte interfaces [17]. The equations are given by 
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                                 So2 = (Mo2 Is /4F) * 10-3                                                                                    (3.3.3.1.1) 
                                               SH2 = (MH2 Is /4F) * 10-3                                                        (3.3.3.1.2) 
 
Mo2 and MH2 are the molecular weights (gm/gm-mole) of oxygen and hydrogen, Is is the 
current density (amps/m2) and F is the Faraday’s constant (96493 col-sec/gm-mole). 
 
3.3.4 Numerical Model  
A numerical method is employed to solve the above mathematical model as it is 
impossible to solve the mathematical model analytically. Computational Fluid Dynamics 
(CFD) methods were used by WVU CFD & AMP Laboratory [10] to solve the partial 
differential equations, which represent the laws of conservation. In the numerical 
analysis, initially the partial differential equations are reduced to a linear system of 
equations in terms of variable values at discrete points inside the calculation domain, and 
then the linear equations are solved to obtain a discrete solution. The general transport 
equation is discretized and used to solve the energy, specie, pressure and current 
equations. In the numerical analysis by WVU CFD & AMP [10], finite volume method 
was employed for discretization. The derived transport equations were solved separately 
for each component and different modules were made to communicate with each other 
through boundary conditions. These individual modules of each component were 
combined and a code was developed to model the fuel cell.  For details of the CFD results 
obtained for the simulations of SOFC refer the program developed by WVU CFD & 
AMP [10].  
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CHAPTER 4 
4. TWO-DIMENSIONAL THERMAL STRESS ANALYSIS DURING  





The main purpose of the research is to evaluate the thermal stresses during the operating 
conditions of the two-dimensional and three-dimensional planar solid oxide fuel cells. 
Finding the stresses in the fuel cell is important as it helps to predict the failure during the 
operation of the cell. Therefore, in this research, effort has been made to develop two-
dimensional and three-dimensional models and predict the failure in the materials used 
accurately. The analyses were made in ANSYS™ using the temperature profiles from 
Computational Fluid Dynamics (CFD) codes developed by WVU CFD & AMP [10]. 
Once the model was meshed using ANSYS™, the temperature profile, collected from the 
CFD results, was applied throughout the cell with adiabatic boundary conditions. Since 
ANSYS™ contains a wide variety of thermal and mechanical options, the model created 
was capable to a variety of different inputs and has an exposure to many different 
situations.  
 
ANSYS™ was used to solve for thermally induced stresses due to temperature variations 
under thermo- elastic conditions of the SOFC. For the two-dimensional analysis, a five 
stack co-flow planar SOFC was considered. The five stack fuel cell was sliced at 5 
different places from the inlet to the outlet of the fuel cell and each of them was analyzed 
separately. The materials used are Lanthanum Chromite (LaCrO3) for the interconnect, 
Nickel dispersed on Yittria stabilized Zirconia (Ni/YSZ) for the anode, Doped 
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Lanthanum Manganite (LaMnO3) for the cathode and Yittria stabilized Zirconia (YSZ) 
for the electrolyte. The SOFC model is analyzed using sequentially coupled analysis in 
ANSYS™.  
 
4.2 Finite Element Analysis Procedure 
 
In the sequentially coupled-field analysis in ANSYS™, we can couple two fields by 
applying the results from one analysis as input to the other analysis. In other words, it is a 
combination of analyses from different engineering disciplines which interact to solve a 
global engineering problem. The load transfer occurs external to the analysis and the 
loads are transferred explicitly using the physics environment. The base physics loads are 
not a function of other physics analyses and these loads are known as nominal boundary 
conditions. And coupled loads are the results of the other physics simulations. The term 
physics environment refers to both a file created containing all operating parameters for a 
particular physics analysis and to the file’s content. A physics environment is an ASCII 
file which is created in ANSYS™. 
 
4.3 Sequential Thermal-Stress Analysis 
In this work, the type of analysis used is a sequential thermal-stress analysis where the 
nodal temperatures from the thermal analysis are applied as loads in the subsequent stress 
analysis. Physics files can be used to perform the coupled-field analysis which is based 
on a single finite element mesh across the physics. The physics file is read to configure 
the database and then a solution is performed. After this, another physics field is read into 
the database and coupled-field loads are transferred where the second physics is solved. 
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Coupling occurs by issuing commands to read the coupled loads from one physics to 
another across a node-node similar mesh interface.  
 
 
Figure 3: Data Flow for a Sequential Coupled-Field Analysis [18] 
 
The data flow for the present sequential analysis is done with the indirect method which 
is ideal for one-way sequential coupling such as a typical thermal-stress analysis. Each 
database contains the appropriate solid model, elements, loads etc and the information is 
read from a result file into another database. The elements and the node numbers must be 
consistent between the database and the result file.  
 
It is important that the element types across the physics environments are compatible, 
therefore they must maintain a consistent base geometry. However, the element type can 
change maintaining a constant geometry. For instance, thermal elements are required for 
a thermal analysis while structural elements are required to determine the stress in the 
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model. It is important to note that only certain combinations of elements can be used for a 
coupled analysis. If the element type allows a degenerate geometry then the 
corresponding element type in the other physics must also allow the same degeneration 
geometry. A finite element mesh with higher order elements is generated to establish a 
physics environment, switching between the element orders. In the present model, a 
triangle element is used as a base geometry. The loads applied on the thermal physics 
environment are temperatures, surface film coefficient and surface heat flux and the 
structural model is constrained in the structural environment. A link is formed between 
the two physics environments in the coupled-field analysis which enables us to read the 
temperature results data from the thermal physics environment solution analysis and 
apply them as nodal loads for the structural environment’s solution. 
 
In the coupled analysis, firstly a linear steady state thermal analysis is performed. The 
model dimensions are based on a global coordinate system. By default, the global 
coordinate system is Cartesian, with X, Y and Z axes.  The materials used in the planar 
SOFC are isotropic in nature and the material property used in the thermal analyses is 
thermal conductivity. The nature of the material property is constant, therefore the steady 
state analysis is linear. This property is assigned to the model and the model is meshed. 
Nodal temperatures are applied as thermal loads to the mesh. These temperatures are 
applied as single loads individually in the two-dimensional model. 
 
Convection which is a surface load is applied to account for the gas channels. The other 
load that is applied to the model is heat flux which accounts for the heat flow rate per 
area across the surface. Once the model is meshed, the SOFC model is solved, where the 
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nodal temperatures interpolate and gives a temperature profile. This result which gives a 
temperature profile is stored as a file which can be later retrieved for the structural 
analysis, where the temperatures are applied as load.      
 
Structural analysis with plane stress option is used to determine the stresses in the 
structure. A static analysis calculates the effects of steady loading conditions on a 
structure, while ignoring the effects caused by time-varying loads. The steady loading 
and response conditions are assumed, that is, the loads and the structure’s response are 
assumed to vary slowly with respect to time. The material properties in the analysis are 
also linear and isotropic. The structural material properties of the components considered 
in the analysis are the Young’s  modulus (Ex) and thermal expansion coefficient (αx).  
 
As boundary condition, the model is constrained at required places and the temperature 
field from the thermal analysis is read into the structural analysis. This analysis is called 
implicit-to-explicit sequential solution. In the explicit phase, the temperature data is read 
from the result file of the thermal analysis, which is an implicit phase. This temperature 
data is applied as loads to the nodes of the model. For these thermal loads to take effect, 
the temperature dependent material is used which represents the thermo-elasticity of the 
material.  
 
4.4 Material Properties  
 
The material properties of the components (anode, electrolyte, cathode and interconnect) 
of the solid oxide fuel cell are listed below. The properties of the components used for the 
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analysis are thermal conductivity, Young’s  modulus and thermal expansion coefficient. 
The heat transfer coefficients for the air channel and the fuel channel are 224 J/s-m^2-K 
and 32 J/s-m^2-K respectively.  
 






Thermal  expansion 
Coefficient 
(10-6/°C) 










96 12.5 5.84 
Electrolyte 
(YSZ) 
200 10.8 2.16 
Cathode 
(LaMno3) 
96.71 11.2 4.0 
 
 
Table 5: Properties of the components used in the analysis [2], [7], [10] 
 
4.5 Geometric Model 
For the two-dimensional analysis of the planar SOFC, a five stack co-flow model is used. 
The five stack model provided by WVU CFD & AMP Laboratory [10], is a sandwich 
model where the fuel channel and air channel are layered between the interconnect and 
anode,   and the interconnect and cathode respectively. Therefore to account for the 
stresses due to thermal expansion mismatch between the components in the two-
dimensional analysis, the model is sliced at six places along the width of the fuel cell 
from the inlet of the gases to the outlet of the gases throughout the model and each of it is 
analyzed separately. The shape and size of these six slices are based on the dimensions of 
the sandwich model provided by the WVU CFD & AMP Laboratory. The six slices 





Figure 4: Two-dimensional view of the six parts of five stack SOFC 
 
These six parts of the SOFC begin from the inlet of gases to the outlet of gases, from left 
to right.   The total width of the fuel cell is 10cm and the height is 5.785mm. The 
dimensions of the components in each of the slices are given below in the close-up view 
of the model.  
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Figure 5: Close-up view of a single slice 
 
The anode, electrolyte and the cathode constitute the PEN. The dimensions of these 
components are 1mm, 0.01mm and 0.02mm respectively.  
 
4.6 Thermal Analysis 
In the sequential thermal stress analysis, the element type used for the thermal analysis is 
PLANE77. This element type has eight node thermal elements where the temperature has 
one degree of freedom. The material property which is thermal conductivity is assigned 
to the components of the fuel cell after the model is generated.  
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The two-dimensional models are meshed using a triangular mesh. The six meshed models 
and the close-up view of a single slice are given below.  
 
 








Figure 7: Close-up view of the mesh in cathode and electrolyte of the model 
 
4.6.1 Boundary Conditions 
From the temperature profile provided by the WVU CFD Laboratory, the highest nodal 
temperatures were located in each individual component and these temperatures are used 
as inputs for the coupled thermal-stress analysis in ANSYS™. Along the edges of the 
inner side of the interconnect where fuel and air are passed through the channels into the 
fuel cell, the heat transfer coefficients of the gases are imposed to account for convection. 
At the top and bottom of the five stack cell, the heat flux from the stack to the 





Once the boundary conditions are given to the model, firstly a thermal analysis is 
performed for each of the individual slices of the five stack fuel cell. The temperatures at 
nodes interpolate and we get a temperature distribution in the five stack fuel cell. The 
temperature distribution in each of the six slices starting from the inlet to the outlet of 
gases is given below individually. 




































Figure 13: Sixth slice (temperature profile at the outlet) 
 
As the five stack cell is meshed into a single cell, the temperature of the separator plate of 
each cell is communicated with the neighboring cell and similarly the temperatures of the 
PEN and the gas channels are communicated to the neighboring cells. From the above 
results, it is observed that the cell temperature decreases from top to bottom.  The top cell 
of each slice has the highest temperature and the bottom cell operates at the lowest 
temperature. Due to the asymmetry in the fuel cell stack design leads to the non-
uniformity in the temperature distribution.  
 
The heat transfer coefficients of the gas channels vary because the cathode and anode 
have different mass flow rates. Therefore, the air gas channel provides the most cooling 
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which in turn cools the cathode. From the figure below, we can see that the temperature 
at the anode is higher than the temperature at the cathode.  
 
 
Figure 14: Close-up view of the temperature profile in the top half of first slice 
 (at inlet of gases) 
 
The temperature distribution in the PEN (cathode, anode and electrolyte) is observed to 
be linear in the five stack fuel cell. The temperature distribution in each of these 














0 0.005 0.01 0.015 0.02 0.025 0.03










Figure 15: Temperature Distribution in Cathode 
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Figure 16: Temperature Distribution in Anode   











0 0.005 0.01 0.015 0.02 0.025 0.03











Figure 17: Temperature Distribution in Electrolyte 
  (from the bottom to the top of the fuel cell stack) 
 
4.7 Stress Analysis 
Once the model is solved for the thermal analysis we return to the model creation 
preprocessor (PREP7) in ANSYS™. Then the element type is switched from thermal to 
structural and the structural element type used is PLANE82. Once the element type is 
switched, the structural material properties, which are, the Young’s moduli and thermal 
expansion coefficients are assigned to the models. The thermal expansion coefficients of 
the materials used change with change in temperatures. Therefore the thermal expansion 
coefficients given to the six slices of the five stack fuel cell vary. Two models with 
different boundary constraints have been considered for stress analysis of the two-
dimensional model.  
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4.8 Boundary Conditions for the First Model 
As the element type used is compatible with that of the thermal model, the mesh involved 
in the structural analysis is also a triangular mesh which corresponds to that of the 
thermal model. For the structural boundary conditions, the temperatures from the thermal 
analysis are used as nodal loads, which are read into the structural model in ANSYS™. 
And as  boundary constraints, the six slices are fixed on the top and the bottom in the y-
direction and the walls of the PEN in the five stack cell are also fixed in the y-direction 
on either sides i.e., zero displacement is given in the y-direction.  
  
4.8.1 Results of the First Model 
 
The present co-flow stack model has been chosen to capture the stresses due to the 
thermal expansion mismatch and the operational asymmetry inherent in the planar solid 
oxide fuel cell. A stack model connected in series is used to generate the desired voltage 
output and power. A stack model has been previously developed to study the stresses due 
to thermal expansion mismatch [1] and it was identified that the components of the co-
flow fuel cell model have minimum thermal stresses when compared to that of cross-flow 
and counter-flow arrangements.  
 
Usually the stress at the edges in the y-direction is the most important as the peeling 
stress (σyy) is the largest component of stress. These regions of stress are indicative of the 
stresses in the entire fuel cell model. From the thermal analysis, it is noted that the PEN 
operates at a higher temperature than the interconnect, such that stress would develop. 
Therefore, the stresses for the interconnect and the PEN must be analyzed separately. The 
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maximum principle stress determines the failure in the ceramic. In the elastic model [1] 
the high stress regions are shown at the bending point in the ceramic and at the joint of 
the interconnect and the PEN. However the higher stress is at the bending point of the 
ceramic than at the joint.  
  
The operating stresses are caused due to the bending effects caused by the contraction 
and expansion of the horizontal membrane (y-direction) of the planar fuel cell. The 
stresses in the six slices from the inlet of gases to the outlet of gases are given below.  
 
 






















Figure 23: Sixth slice (Von Mises stresses near the outlet of gases of 1st model) 
 
During the steady state operation of a planar SOFC, the surface of the fuel cell which is 
allowed to expand and contract while constraining the curvature is in the state of 
compression (Jason LeMaster, Georgia Institute of Technology, 2004). The main source 
of stress is due to the difference in the thermal expansion coefficient between the 
lanthanum chromite interconnect and the YSZ electrolyte. The Ni-YSZ anode and the 
lanthanum manganite cathode are porous and have a lower elastic modulus when 
compared to that of the electrolyte. Therefore, they would not have a significant effect on 
the resulting stresses because of their compliance (C.S Montross et. al., 2002).  
 
From the above results it was found that, stresses in the PEN and the interconnect are 
below their critical stresses. The maximum principle stresses for the ceramic materials is 
considered as they determine the failure in the components. The stresses found in the 
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components are lower enough to avoid damage in the fuel cell. The maximum principle 
stress of 22.89 MPA found in the YSZ film was less then the critical stress of 275 MPA. 
The maximum stress in the interconnect is 11.5 MPA which is less than the critical stress 
of 186 MPA. The12.69 MPA stress found in the Ni-YSZ anode is less than its critical 
stress of 145 MPA. And the compressive stress found in the LaMnO3 cathode is 11.37 
MPA which is less than its critical stress of 175 MPA.  
 
At lower temperature the thermal expansion coefficient of the interconnect is lower than 
that of the PEN (Jason LeMaster, Georgia Institute of Technology, 2004). Therefore in 
the slices at the inlet of gases where the temperature is lower, due to the mismatch in the 
thermal expansion coefficients, the stresses are very high. As we move from the inlet to 
the outlet of gases, since the temperature in the fuel cell increases the mismatch in 
thermal expansion coefficient of the components of the fuel cell decreases. Therefore, in 
the slices towards the outlet of gases, the stresses are lesser when compared to the slices 
near the inlet of gases. The stresses in the slices at the inlet and at the outlet of gases is 
shown below.      
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Figure 24: von Mises stress near the inlet of gases (left) and near the outlet of gases 
(right) 
 
From the above figures we can see that the maximum stresses found in the fuel cell are 
near the inlet of air and fuel gases. Largest temperature gradient occurs near the inlet of 
gases where the highest stresses occur [6]. 
 
As the displacement of the PEN and the interconnect is constrained at the joint of the two 
materials, the stresses at the joint are of great interest in the design of the solid oxide fuel 
cell. The magnitude of the maximum stress is dependent on the x-y dimensions and the 
material properties. Wider cells result in larger stresses in the ceramic side of the joint 
(Jason LeMaster, Georgia Institute of Technology, 2004). In the elastic study, the peeling 
stress (σyy) and the shear stress (σxy) increase approaching the free edge (Chiu & Liou, 
1994).  
 
The stress is due to the asymmetry caused by the non-uniformity in the temperature 
distribution. The stresses in the YSZ electrolyte and the LaMnO3 increased from the 
center of the cell to the edge. As the failure of the fuel cell relies on the edge effects, the 
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edges of the ceramic are focused. The figure below shows the compressive stress in the 
ceramic in the top part of the fuel cell near the inlet of air and fuel gases. 
 
 
Figure 25: Von Mises stress in the top part of the fuel cell  
(near the inlet of gases of the 1st model) 
 
At the edges, peeling stress (σyy) is the largest component of stress which predicts the 
cracking in the ceramic. Therefore the stresses in the y-direction along the edges are 
important. The location of the maximum stress found in the electrolyte near the inlet of 




Figure 26: Stresses near the inlet of gases of the fuel cell (1st model) 
 
The critical stress relies on the edge of the ceramic. The difference in the thermal 
expansion coefficients (TECs) of the lanthanum chromite interconnect and the YSZ 
electrolyte near the inlet of gases of the fuel cell is 18.4%, whereas the difference in 
TECs near the outlet of gases of the fuel cell is 9.07%. Therefore, the maximum peeling 
stress (σyy) in the electrolyte near the outlet of gases of the fuel cell is 10.24 MPa which 
is less when compared to the maximum peeling stress (σyy) near the inlet which is 22.89 




Figure 27: Stresses near the outlet of gases of the fuel cell (1st model) 
 
The ceramic fails when the maximum principle stress exceeds the critical stress. The 
maximum stress of the interconnect at the inlet of air and fuel gases of the fuel cell is 
11.5 MPa which is less than the critical stress of lanthanum chromite which is 186 MPa. 
Therefore, the interconnect for this five stack two-dimensional model does not fail. Stress 
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Figure 28: Maximum principle stress of LaCrO3 interconnect near the inlet of gases 
(1st model) 
 
The maximum principle stress in the electrolyte near the inlet of air and fuel gases is 
found to be 22.89MPa which is less than the critical stress. The maximum stresses are 
found near the corners of the material along the edges. The graph of the principle stress in 
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Figure 29: Maximum principle stress of the electrolyte (1st model) 
 
The maximum principle stresses found in the cathode and anode were found to be less 
than their respective critical stresses. The highest stress location in the ceramic is found 
along the edges. The graphs of the maximum principle stresses in the cathode and anode 
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Figure 31: Maximum principle stress of the anode (1st model) 
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From these graphs, we can infer that the stresses in the interconnect and PEN are high 
along the edges of the joint when compared to the center of the materials. These large 
components of stresses in the fuel cell are due to the difference in the TECs (thermal 
expansion coefficients) and the strength of the joint between the PEN and interconnect. 
The highest principle stresses found in the ceramic, i.e. cathode, anode and electrolyte 
and the interconnect is given below.         
   
Material Compressive Failure 
Strength 
(MPa) 
Calculated  Compressive 
Stress 
(MPa) 
Interconnect (LaCrO3) 186 11.5 
Anode (Ni/YSZ) 145 6.95 
Electrolyte (YSZ) 235 22.89 
Cathode (LaMno3) 175 11.37 
 
Table 6: Maximum principle stresses found in the PEN and interconnect (1st model) 
 
 
4.9 Boundary Conditions for the Second Model 
The temperature results from the thermal model are read into the structural model as 
nodal loads similar to the first model. But different boundary constraints are given for 
this model. The bottom of the five stack model is fixed and the top part is left to expand 
freely without any constraint. This also prevents from the translation and rotation of the 
model. The bottom of the fuel cell is fixed along y-direction and a node on the left corner 
at the bottom of the stack is fixed along x and y axes. 
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4.9.1 Results of the Second Model 
In the second model, since the stack is constrained only at the bottom of the fuel cell, the 
fuel cell expands more uniformly from the bottom of the cell to the top of the stack. The 
von Mises stresses at the inlet of gases and outlet of gases are given below. 
 
 
Figure 32: von Mises stresses at the inlet of gases (2nd model) 
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Figure 33:  von Mises stresses at the outlet of gases (2nd model) 
 
 Maximum principle stresses are found along the y-direction. The five stack model is 
partly under compression and partly under tension. The maximum compressive stress 
which is 57.2MPa is found in the electrolyte at the outlet of gases. The maximum tensile 
















Figure 36: Zoom stresses at the inlet of gases (2nd model) 
 
From the stresses at the inlet of gases at the top of the stack, it can be seen that the 
maximum compressive stresses were found along the corners of the electrolyte and the 















Figure 37: Zoom stresses at the outlet of gases (2nd model) 
 
A close-up view of the maximum stresses found near the outlet of gases is shown above. 
From the stresses at the outlet of gases, it can be seen that the maximum stresses are 











The stress variations from the inlet of gases to the outlet of gases are more uniform in this 
model when compared to the first model. The maximum compressive stress at the inlet of 
gases in 54MPa and at the outlet of gases is 57.2 MPa. From this we can see that the 
variation in the compressive stresses from the inlet to the outlet of gases is only about 
3MPa. The stresses from the inlet to the outlet of gases are more uniform when compared 
to the first model. The maximum stresses found in this model are below the failure 
stresses, therefore this model does not fail.  
 
Usually, fuel cell stack models are fixed at the bottom and are allowed to expand freely 
towards the top of the stack. Therefore the five stack fuel cell with these boundary 





Failure Stress (MPa) 
[25], [26] 
Calculated Stress (MPa) Material 
Tensile Compressive Tensile Compressive 
Interconnect 
(LaCrO3) 
73 186 23.31 35.45 
Anode 
(Ni/YSZ) 
90 145 33.9 42.36 
Electrolyte 
(YSZ) 
177 235 57.2 60 
Cathode 
(LaMno3) 
140 175 22.7 34.27 
 




















5. THREE-DIMENSIONAL THERMAL STRESS ANALYSIS 
DURING OPERATION OF SOFC 
 
5.1 Introduction 
The stresses in the solid part of the three-dimensional SOFC are calculated from the 
temperature profile provided by the WVU CFD & AMP Laboratory [10] using finite 
element analysis. The materials used for the analysis are similar to that of the two-
dimensional analysis which are Lanthanum Chromite (LaCrO3) for the interconnect, 
Nickel dispersed on Yittria stabilized Zirconia (Ni/YSZ) for the anode, Doped 
Lanthanum Manganite (LaMnO3) for the cathode and Yittria stabilized Zirconia (YSZ) 
for the electrolyte. Young’s modulus and thermal expansion coefficient are the linear 
material properties assigned for the analysis. For the three-dimensional analysis, two 
models with different boundary constraints have been considered. 
 
5.2 Stress Analysis Using ANSYS™ 
A static stress analysis, using ANSYS™, is performed to determine the stresses in the 
components of the fuel cell. The element type used for the three-dimensional model is 
SOLID45 which is an eight node linear brick element having three degrees of freedom at 
each node. The simulated temperature values were read into ANSYS™ at the nodes and 
interpolated to the calculated points within the elements.  
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5.2.1 Geometric Model 
The three-dimensional analysis was performed on a single stack cross-flow SOFC. The 
planar SOFC consists of interconnect, anode, electrolyte, cathode with the air flowing in 
the air channel over the cathode and the fuel flowing in the fuel channel over the anode. 
The dimensions of the fuel cell are 16mm in the x-direction, 7.5mm in the y-direction and 
16mm in the z-direction. There are five fuel channels and air channels in the solid oxide 
model. The width and height of the air channel and the fuel channel are 2mm. The 




Figure 39: Three-dimensional view of a single stack cross-flow SOFC 
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5.2.2 Meshing Of The Three-Dimensional Model 
The mesh generated for the solid model in ANSYS™ is similar to that of the FORTRAN 
model created by the WVU CFD & AMP Laboratory [10]. In this way, the nodal 
temperature data from the CFD analysis, which is included as a boundary condition for 
the three-dimensional analysis in ANSYS™, can be correctly transferred by matching the 
nodes from the FORTRAN model with that of the ANSYS™ model. Therefore a mapped 
mesh is used for meshing the three-dimensional solid model which has brick volume 
elements. 
 
 The element size in the solid model is controlled using manual size option in ANSYS™ 
which defines the number of divisions and spacing ratio on selected lines. Lines on the 
opposite edges of the areas in the x, y and z directions are selected and the required 
number of element divisions are given respectively. Mapped meshing helps in 
transferring line divisions from one line to the opposite line and into the adjacent areas 
which have to be meshed. The number of elements given for each line in the x-direction 
and z-direction are 64, and 31 in the y-direction. The three-dimensional meshed model is 
given below.  
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Figure 40: Three-dimensional meshed model 
 
5.2.3 Boundary Conditions 
 
The nodal temperature result provided by WVU CFD & AMP Laboratory [10] is used as 
the boundary condition in the solid model. The temperature data file from FORTRAN is 
created in a tab-delimited text editor with the help of MATLAB and is read into a table 
array parameter in ANSYS™ as body load.  
 
TABLE parameter is a special type of numeric array in ANSYS™ which calculates the 
values between the array elements through linear interpolation which are explicitly 
defined in the array. The index values in the table define the locations of the 
temperatures, with the first row of each plane having the y-coordinates and the first 
column having the x-coordinates. Each plane of data containing the row and column 
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index values is repeated for the separate planes. For the present three-dimensional SOFC 
model, 64 rows, 31 columns and 64 planes are defined. The number of columns taken in 
this model is less than the number of columns in the model provided by WVU CFD & 
AMP Laboratory [10]  since ANSYS™ allows limited number of nodes. By using the 
command TREAD in ANSYS™, the temperatures data from the text editor is applies as 
body load on the solid model by selecting all the nodes of the model. The steady state 
temperature values from the FORTRAN code which are inputted in this manner are 
interpolated in ANSYS™ throughout the three-dimensional model.  
 
5.3 Boundary Constraints on the First Model 
For constraining the three-dimensional SOFC, a cantilever-like approach is used to 
prevent rotation and translation of the model without preventing the bending of the fuel 
cell caused due to the expansion of the components. The four corners of the model and 
the edges of the gas channels are constraints in the y-direction. Nodes are selected at the 
inlet and outlet of gases and constrained in the x-direction. Zero displacement is given to 
the model on the nodes in the z-direction. Results were checked to make sure the 
boundary conditions do not cause significant stress concentrations. After constraining the 
model this way the temperature data is inputted into ANSYS™ as body loads and a stress 






Figure 41: Boundary constraints on the three-dimensional SOFC (1st model) 
 
5.3.1 Results of the First Model 
In the three-dimensional model, thermal stresses arise due to the temperature body loads 
and the thermal expansion mismatch of the components. Stresses in the y-direction are 
the most important as the peeling stress (σyy) is the largest component of stress found in 
the fuel cell. The greatest stresses in the fuel cell model are found at the joint and along 
the edges of the ceramic. From the contour plots of the maximum principle stress of the 
SOFC, the ceramic is found to be mostly under compression and the maximum stress is 







Figure 42: Maximum principle stress in the three-dimensional SOFC (1st model) 
                                                
The maximum compressive stress found in the electrolyte is 242MPa and the maximum 
tensile stress found in the electrolyte is 150MPa. The tensile critical strength of the YSZ 
electrolyte is 177MPa whereas the compressive failure strength is 235 MPa. The 
maximum compressive stresses found in the anode and cathode are 137.25MPa and 
123.39MPa respectively which are below their critical values. The maximum stress found 
in the interconnect is 68.59 MPa which is less when compared to its critical stress value. 
Therefore, failure in the SOFC model is predicted as the compressive stress of the 









Tensile Compressive Tensile Compressive 
Interconnect 
(LaCrO3) 
73 186 39.73 68.59 
Anode 
(Ni/YSZ) 
90 145 88.58 137.25 
Electrolyte 
(YSZ) 
177 235 150 242.06 
Cathode 
(LaMno3) 
140 175 85.9 123.39 
 
Table 8: Maximum stresses found in the three-dimensional model (1st model) 
 
5.4 Boundary Constraints on the Second Model 
For constraining the second model, the bottom of the fuel cell is fixed along the corners 
in the y-direction. A node at the bottom of the model near the inlet of air and fuel gases is 
fixed along x, y and z directions and a node in the x-axis is fixed along the z-direction. 
This model is less constrained when compared to the first model. The fuel cell is fixed 
only at the bottom and the top of the cell is left unconstrained which allowed it to expand 
freely and also the translation and rotation of the body is prevented. 
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Figure 43: Boundary constraints on the three-dimensional SOFC (2nd model) 
 
5.4.1 Results of the Second Model 
The stresses found in the model with these boundary conditions were lower than the 
stresses found in the first model. The model was more under compression than in tension. 
The maximum compressive stress was found in the electrolyte along the edge near the 
inlet of fuel and air channels. The maximum compressive stress found was 239MPa 
whereas the maximum tensile stress found was 135MPa. The failure stress of the 
electrolyte material is around 235MPa which is close to the maximum principle stress 
found in the model. Therefore failure might not occur in the fuel cell model using these 









The maximum stresses found in the components of the three-dimensional model are 
given below. 
 





Tensile Compressive Tensile Compressive 
Interconnect 
(LaCrO3) 
73 186 34.31 63.45 
Anode 
(Ni/YSZ) 
90 145 82.45 113.66 
Electrolyte 
(YSZ) 
177 235 135 239 
Cathode 
(LaMno3) 
140 175 76.82 91.7 
 
Table 9: Maximum stresses found in the three-dimensional model (2nd model) 
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The principle stress of the three-dimensional model is compared with the steady state 
three-dimensional model by Jason LeMaster, 2004 [5].  
 
 
Figure 45: Comparison of the principle stresses with the model by Jason LeMaster, 
2004 [5] 
 
The maximum tensile stress found in the three-dimensional model is 135MPa whereas in 
the model by Georgia Institute of Technology the tensile stress is 142.9MPa. And the 
maximum compressive stress in the present analysis was found to be 239MPa which is 
comparatively less than the model by Jason LeMaster, Georgia Institute of Technology, 
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From the above graphs, it can be inferred that maximum stress is found in the electrolyte. 
The principle stress of the electrolyte is very high when compared to the principle 
stresses in the other ceramics. The maximum stresses in the fuel cell increases from the 
center of the cell towards the edges. The stresses in the three-dimensional model arise at 
the joint of the PEN and the interconnect due to the mismatch in the thermal expansion 



















6. CONCLUSIONS AND FUTURE WORK 
 
6.1 Conclusions 
In this work, the thermal stress analysis of a two-dimensional five stack planar SOFC 
model and a single three-dimensional planar model has been performed using ANSYS™. 
The ultimate goal of this design is to determine the thermal stresses during operation of 
the solid oxide fuel cell models and identify the issues related to the failure of the models.  
 
The stresses in the two-dimensional models remained below the failure stresses of the 
components of the fuel cell. The maximum stresses in the were found along the edges of 
the electrolyte at the inlet of gases, mainly due to the thermal expansion mismatch of the 
components and also since the displacement of the PEN and the interconnect is 
constrained at the joint of the two materials. The stresses found were large at the joint of 
the components and decay while approaching towards the center. Stresses were 
maximum at the inlet of fuel and air gases as largest temperature gradient occur at the 
inlet of gases.  Whereas in the second model the stress distribution within the stack of 
each slice was more uniform from the bottom of the stack towards the top of the stack. 
The maximum principle stresses differed by 3MPa from the inlet of gases to the outlet of 
gases. The boundary constraints of second two-dimensional model are more realistic as a 
fuel cell stack is usually constrained only at the bottom and allowed to expand freely at 
the top of the stack.  
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In the three-dimensional SOFC models, failure is predicted in the YSZ electrolyte of the 
first as the maximum principle stresses found in the component slightly exceed the failure 
strength. In the electrolyte, the maximum stress found at the edges of the component was 
substantially enough to lead to the failure of the model. These high stresses found in the 
components will cause the fuel and oxidizing gases to interact in an uncontrolled manner 
which will lead to the degradation in the efficiency of the fuel to electrical energy 
conversion and potentially in the failure of the whole system.  
 
In the second three-dimensional model, the calculated stresses were below the failure 
stresses, therefore no failure is predicted. The maximum principle stresses in the second 
model were lower than that of the first model. The boundary constraints used in the 
second model are more realistic than the first model as a fuel cell is constrained only at 
the bottom and allowed to expand freely at the top of the cell. The second three-
dimensional model was compared with the model by Jason LeMaster, Georgia Institute 
of Technology and the maximum compressive stress found in the present work was less 
than the model by Georgia Institute of Technology. The components of the SOFC model 
in the present work are made of ceramic materials, whereas the model used by Georgia 
Institute of Technology has a metallic interconnect. Since the ceramic and metal have 
high variation of thermal expansion coefficients it could account for higher stresses.  
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6.2 Future Work 
In the present work, as a linear stress analysis is performed for both the two-dimensional 
and three-dimensional model the stresses are high. A non-linear analysis can be 
performed since an elastic- plastic model would give considerably lesser stresses.  
 
The mechanical strength of the two-dimensional stack model and the single stack three-
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SFL,P51X,CONV,32, ,1201.08,  
FLST,2,4,4,ORDE,3    
FITEM,2,53   
FITEM,2,-55  
FITEM,2,130  
/GO    
SFL,P51X,CONV,224, ,1179.45, 
FLST,2,4,4,ORDE,3    
FITEM,2,47   
FITEM,2,-49  
FITEM,2,128  
/GO   
SFL,P51X,CONV,244, ,1200.24,  
FLST,2,4,4,ORDE,3    
FITEM,2,75   
FITEM,2,-77  
FITEM,2,134  
/GO   
SFL,P51X,CONV,32, ,1199.61,  
FLST,2,4,4,ORDE,3    
FITEM,2,97   
FITEM,2,-99  
FITEM,2,138  
/GO    
SFL,P51X,CONV,224, ,1179.15, 
FLST,2,4,4,ORDE,3    
FITEM,2,91   
FITEM,2,-93  
FITEM,2,136  
/GO    
SFL,P51X,CONV,32, ,1199.17,  




/GO   
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SFL,P51X,CONV,224, ,1179.09, 
FLST,2,4,4,ORDE,3    
FITEM,2,75   
FITEM,2,-77  
FITEM,2,134  
/GO    
SFL,P51X,CONV,224, ,1179.28, 
FLST,2,4,4,ORDE,3    
FITEM,2,69   
FITEM,2,-71  
FITEM,2,132  
/GO   
SFL,P51X,CONV,32, ,1199.61,      
FINISH   
/SOL 
SOLVE    
FINISH     
/PREP7   
ETCHG,TTS      
MPTEMP,,,,,,,,   
MPTEMP,1,0   
MPDATA,EX,1,,60e9    
MPDATA,PRXY,1,,.22   
MPTEMP,,,,,,,,   
MPTEMP,1,0   
MPDATA,EX,2,,96e9    
MPDATA,PRXY,2,,.22   
MPTEMP,,,,,,,,   
MPTEMP,1,0   
MPDATA,EX,3,,200e9   
MPDATA,PRXY,3,,.22   
MPTEMP,,,,,,,,   
MPTEMP,1,0   
MPDATA,EX,4,,96.71e9    
MPDATA,PRXY,4,,.22   
MPTEMP,,,,,,,,   
MPTEMP,1,0   
UIMP,1,REFT,,,   
MPDATA,ALPX,1,,8.56e-6   
MPTEMP,,,,,,,,   
MPTEMP,1,0   
UIMP,2,REFT,,,   
MPDATA,ALPX,2,,11e-6 
MPTEMP,,,,,,,,   
MPTEMP,1,0   
UIMP,3,REFT,,,   
MPDATA,ALPX,3,,10.5e-6   
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MPTEMP,,,,,,,,   
MPTEMP,1,0   
UIMP,4,REFT,,,   
MPDATA,ALPX,4,,9.8e-6    
FINISH   
/SOL 
LDREAD,TEMP,,, , ,'file','rth',' '                
/SOLU    
FLST,2,19,1,ORDE,3   
FITEM,2,40   
FITEM,2,56   
FITEM,2,-73   
/GO  
D,P51X, ,0, , , ,UY, , , , , 
FLST,2,21,1,ORDE,3   
FITEM,2,1799 
FITEM,2,1813 
FITEM,2,-1832     
/GO  
D,P51X, ,0, , , ,UY, , , , , 
FLST,2,30,4,ORDE,28  
FITEM,2,11   
FITEM,2,-13  
FITEM,2,15   
FITEM,2,-17  
FITEM,2,39   
FITEM,2,41   
FITEM,2,-42  
FITEM,2,44   
FITEM,2,61   
FITEM,2,63   
FITEM,2,-64  
FITEM,2,66   
FITEM,2,83   
FITEM,2,85   
FITEM,2,-86  















DL,P51X, ,UY,0  









































    y=y+1;         
    solid(x,y,z)=temp3D(i,4);         
    if y==rows 
       y=0; 
       z=z+1;        
       if z==planes+1 
          z=1; 
          x=x+1; 
       end 







    k 
    fprintf(fid,'\n'); %this writes a blank space between planes 
    for j=1:(rows+1) %(65) x 
        for i=1:(columns+1) %(36) y 
            if (i==1) & (j==1)          
                ANSYS™=ValuesZ(k); %this is Z coord 
                fprintf(fid,'%12.6f\t',ANSYS™); %this writes Z coord 
            elseif (i==1) & (j>1) 
                ANSYS™=ValuesX(j-1); %this is X coord 
                fprintf(fid,'%12.6f\t',ANSYS™); %this writes X coord                 
            end             
            if (i>1) & (j==1) & (i<(columns+1)) 
                ANSYS™=ValuesY(i-1); %this is Y coord 
                fprintf(fid,'%12.6f\t',ANSYS™); %this writes Y coord 
            elseif (i>1) & (j>1) & (i<(columns+1)) 
 113
                ANSYS™=solid(i-1,j-1,k); %this is Temp 
                fprintf(fid,'%12.6f\t',ANSYS™); %this writes Temp                
            end             
            if (i==(columns+1)) & (j==1) 
                ANSYS™=ValuesY(i-1); %this is last Y coord 
                fprintf(fid,'%12.6f\n',ANSYS™); %this writes last Y coord 
            elseif (i==(columns+1)) & (j>1) 
                ANSYS™=solid(i-1,j-1,k); %this is Temp 
                fprintf(fid,'%12.6f\n',ANSYS™); %this writes last Temp in a row                 
            end                 
        end  
























Structural Analysis of three-dimensional SOFC using ANSYS™ 
 
/PREP7    
ET,1,SOLID 45 
MPTEMP,,,,,,,,   
MPTEMP,1,0   
MPDATA,EX,1,,60e9    
MPDATA,PRXY,1,,.22   
MPTEMP,,,,,,,,   
MPTEMP,1,0   
MPDATA,EX,2,,96e9    
MPDATA,PRXY,2,,.22   
MPTEMP,,,,,,,,   
MPTEMP,1,0   
MPDATA,EX,3,,200e9   
MPDATA,PRXY,3,,.22   
MPTEMP,,,,,,,,   
MPTEMP,1,0   
MPDATA,EX,4,,96e9    
MPDATA,PRXY,4,,.22  
MPTEMP,,,,,,,,   
MPTEMP,1,0   
UIMP,1,REFT,,,   
MPDATA,ALPX,1,,8.56e-6   
MPTEMP,,,,,,,,   
MPTEMP,1,0   
UIMP,2,REFT,,,   
MPDATA,ALPX,2,,11e-6 
MPTEMP,,,,,,,,   
MPTEMP,1,0   
UIMP,3,REFT,,,   
MPDATA,ALPX,3,,10.5e-6   
MPTEMP,,,,,,,,   
MPTEMP,1,0    
K, ,0,0,0,   
K, ,0.001,0,0,   
K, ,0.003,0,0,   
K, ,0.004,0,0,   
K, ,0.006,0,0,   
K, ,0.007,0,0,   
K, ,0.009,0,0,   
K, ,0.01,0,0,    
K, ,0.012,0,0,   
K, ,0.013,0,0,   
K, ,0.015,0,0,   
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K, ,0.016,0,0,   
K, ,0.016,0.001,0,   
K, ,0.015,0.001,0,   
K, ,0.013,0.001,0,   
K, ,0.012,0.001,0,   
K, ,0.01,0.001,0,    
K, ,0.009,0.001,0,   
K, ,0.007,0.001,0,   
K, ,0.006,0.001,0,   
K, ,0.004,0.001,0,   
K, ,0.003,0.001,0,   
K, ,0.001,0.001,0,   
K, ,0,0.001,0,   
K, ,0,0.003,0,   
K, ,0.001,0.003,0,   
K, ,0.003,0.003,0,   
K, ,0.004,0.003,0,   
K, ,0.006,0.003,0,   
K, ,0.007,0.003,0,   
K, ,0.009,0.003,0,   
K, ,0.01,0.003,0,    
K, ,0.012,0.003,0,   
K, ,0.013,0.003,0,   
K, ,0.015,0.003,0,   
K, ,0.016,0.003,0,   
K, ,0.016,0.0035,0,  
K, ,0.015,0.0035,0,  
K, ,0.013,0.0035,0,  
K, ,0.010,0.0035,0,  
K, ,0.012,0.0035,0,  
K, ,0.009,0.0035,0,  
K, ,0.007,0.0035,0,  
K, ,0.006,0.0035,0,  
K, ,0.004,0.0035,0,  
K, ,0.003,0.0035,0,  
K, ,0.001,0.0035,0,  
K, ,0.000,0.0035,0,  
FLST,2,4,3   
FITEM,2,24   
FITEM,2,23   
FITEM,2,2    
FITEM,2,1    
A,P51X   
FLST,2,4,3   
FITEM,2,23   
FITEM,2,22   
FITEM,2,3    
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FITEM,2,2    
A,P51X   
FLST,2,4,3   
FITEM,2,22   
FITEM,2,21   
FITEM,2,4    
FITEM,2,3    
A,P51X   
FLST,2,4,3   
FITEM,2,21   
FITEM,2,20   
FITEM,2,5    
FITEM,2,4    
A,P51X   
FLST,2,4,3   
FITEM,2,20   
FITEM,2,19   
FITEM,2,6    
FITEM,2,5    
A,P51X   
FLST,2,4,3   
FITEM,2,19   
FITEM,2,18   
FITEM,2,7    
FITEM,2,6    
A,P51X   
FLST,2,4,3   
FITEM,2,18   
FITEM,2,17   
FITEM,2,8    
FITEM,2,7    
A,P51X   
FLST,2,4,3   
FITEM,2,17   
FITEM,2,16   
FITEM,2,9    
FITEM,2,8    
A,P51X   
FLST,2,4,3   
FITEM,2,16   
FITEM,2,15   
FITEM,2,10   
FITEM,2,9    
A,P51X   
FLST,2,4,3   
FITEM,2,15   
FITEM,2,14   
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FITEM,2,11   
FITEM,2,10   
A,P51X   
FLST,2,4,3   
FITEM,2,14   
FITEM,2,13   
FITEM,2,12   
FITEM,2,11   
A,P51X   
FLST,2,4,3   
FITEM,2,35   
FITEM,2,14   
FITEM,2,13   
FITEM,2,36   
A,P51X   
FLST,2,4,3   
FITEM,2,38   
FITEM,2,35   
FITEM,2,36   
FITEM,2,37   
A,P51X   
FLST,2,4,3   
FITEM,2,41   
FITEM,2,33   
FITEM,2,34   
FITEM,2,39   
A,P51X   
FLST,2,4,3   
FITEM,2,39   
FITEM,2,38   
FITEM,2,35   
FITEM,2,34   
A,P51X   
FLST,2,4,3   
FITEM,2,33   
FITEM,2,16   
FITEM,2,15   
FITEM,2,34   
A,P51X   
FLST,2,4,3   
FITEM,2,40   
FITEM,2,41   
FITEM,2,33   
FITEM,2,32   
A,P51X   
FLST,2,4,3   
FITEM,2,42   
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FITEM,2,40   
FITEM,2,32   
FITEM,2,31   
A,P51X   
FLST,2,4,3   
FITEM,2,31   
FITEM,2,32   
FITEM,2,17   
FITEM,2,18   
A,P51X   
FLST,2,4,3   
FITEM,2,44   
FITEM,2,43   
FITEM,2,30   
FITEM,2,29   
A,P51X   
FLST,2,4,3   
FITEM,2,43   
FITEM,2,42   
FITEM,2,31   
FITEM,2,30   
A,P51X   
FLST,2,4,3   
FITEM,2,29   
FITEM,2,30   
FITEM,2,19   
FITEM,2,20   
A,P51X   
FLST,2,4,3   
FITEM,2,45   
FITEM,2,44   
FITEM,2,29   
FITEM,2,28   
A,P51X   
FLST,2,4,3   
FITEM,2,46   
FITEM,2,45   
FITEM,2,28   
FITEM,2,27   
A,P51X   
FLST,2,4,3   
FITEM,2,27   
FITEM,2,28   
FITEM,2,21   
FITEM,2,22   
A,P51X   
FLST,2,4,3   
 119
FITEM,2,47   
FITEM,2,46   
FITEM,2,27   
FITEM,2,26   
A,P51X   
FLST,2,4,3   
FITEM,2,26   
FITEM,2,23   
FITEM,2,24   
FITEM,2,25   
A,P51X   
FLST,2,4,3   
FITEM,2,47   
FITEM,2,26   
FITEM,2,25   
FITEM,2,48   
A,P51X   
FLST,2,28,5,ORDE,2   
FITEM,2,1    
FITEM,2,-28  
VEXT,P51X, , ,0,0,0.016,,,,  
K, ,0,0.004,0,   
K, ,0,0.004,0.001,   
K, ,0,0.004,0.003,   
K, ,0,0.004,0.004,   
K, ,0,0.004,0.006,   
K, ,0,0.004,0.007,   
K, ,0,0.004,0.009,   
K, ,0,0.004,0.01,    
K, ,0,0.004,0.012,   
K, ,0,0.004,0.013,   
K, ,0,0.004,0.015,   
K, ,0,0.004,0.016,   
K, ,0,0.0045,0.016,  
K, ,0,0.0045,0.015,  
K, ,0,0.0045,0.013,  
K, ,0,0.0045,0.012,  
K, ,0,0.0045,0.010,  
K, ,0,0.0045,0.009,  
K, ,0,0.0045,0.007,  
K, ,0,0.0045,0.006,  
K, ,0,0.0045,0.004,  
K, ,0,0.0045,0.003,  
K, ,0,0.0045,0.001,  
K, ,0,0.0045,0.000,  
K, ,0,0.0065,0,  
K, ,0,0.0065,0.001,  
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K, ,0,0.0065,0.003,  
K, ,0,0.0065,0.004,  
K, ,0,0.0065,0.006,  
K, ,0,0.0065,0.007,  
K, ,0,0.0065,0.009,  
K, ,0,0.0065,0.01,   
K, ,0,0.0065,0.012,  
K, ,0,0.0065,0.013,  
K, ,0,0.0065,0.015,  
K, ,0,0.0065,0.016,  
K, ,0,0.0075,0.016,  
K, ,0,0.0075,0.015,  
K, ,0,0.0075,0.013,  
K, ,0,0.0075,0.012,  
K, ,0,0.0075,0.010,  
K, ,0,0.0075,0.009,  
K, ,0,0.0075,0.007,  
K, ,0,0.0075,0.006,  
K, ,0,0.0075,0.004,  
K, ,0,0.0075,0.003,  
K, ,0,0.0075,0.001,  
K, ,0,0.0075,0.000,  
/PREP7   





A,P51X   





A,P51X   





A,P51X   





A,P51X   
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A,P51X   





A,P51X   





A,P51X   





A,P51X   





A,P51X   





A,P51X   





A,P51X   






A,P51X   





A,P51X   





A,P51X   





A,P51X   





A,P51X   





A,P51X   
FLST,2,4,3   
FITEM,2,120  
FITEM,2,97   
FITEM,2,98   
FITEM,2,119  
A,P51X   
FLST,2,4,3   
FITEM,2,119  
FITEM,2,118  
FITEM,2,99   
FITEM,2,98   
A,P51X   





FITEM,2,99   
A,P51X   





A,P51X   





A,P51X   





A,P51X   





A,P51X   





A,P51X   





A,P51X   





A,P51X   






A,P51X   
FLST,2,28,5,ORDE,2   
FITEM,2,137  
FITEM,2,-164 
VEXT,P51X, , ,0.016,0,0,,,,  
FLST,2,4,3   
FITEM,2,97   
FITEM,2,48   
FITEM,2,96   
FITEM,2,108  
A,P51X     
FLST,2,1,5,ORDE,1    
FITEM,2,273  
VEXT,P51X, , ,0.016,0,0,,,,    
FLST,2,278,5,ORDE,2  
FITEM,2,1    
FITEM,2,-278 



















AGLUE,P51X    
FLST,2,17,5,ORDE,17  
FITEM,2,29   
FITEM,2,34   
FITEM,2,38   
FITEM,2,42   
FITEM,2,46   
FITEM,2,50   
FITEM,2,54   
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FITEM,2,58   
FITEM,2,62   
FITEM,2,66   
FITEM,2,70   
FITEM,2,74   





AGLUE,P51X    
FLST,2,2,5,ORDE,2    
FITEM,2,33   
FITEM,2,132  
AGLUE,P51X    
FLST,2,2,5,ORDE,2    
FITEM,2,68   
FITEM,2,75   
AGLUE,P51X   
FLST,2,24,6,ORDE,17  
FITEM,2,12   
FITEM,2,-14  
FITEM,2,16   
FITEM,2,18   
FITEM,2,-20  
FITEM,2,22   
FITEM,2,24   
FITEM,2,-25  
FITEM,2,27   
FITEM,2,-28  
FITEM,2,40   
FITEM,2,-46  
FITEM,2,48   
FITEM,2,50   
FITEM,2,52   
FITEM,2,54   
FITEM,2,56   
VGLUE,P51X    
FLST,5,10,4,ORDE,10  
FITEM,5,45   
FITEM,5,49   
FITEM,5,61   
FITEM,5,65   







CM,_Y,LINE   
LSEL, , , ,P51X  
CM,_Y1,LINE  
CMSEL,,_Y     
LESIZE,_Y1, , ,8, , , , ,1     
FLST,5,12,4,ORDE,12  
FITEM,5,40   
FITEM,5,44   
FITEM,5,52   
FITEM,5,57   
FITEM,5,68   







CM,_Y,LINE   
LSEL, , , ,P51X  
CM,_Y1,LINE  
CMSEL,,_Y      
LESIZE,_Y1, , ,4, , , , ,1     





CM,_Y,LINE   
LSEL, , , ,P51X  
CM,_Y1,LINE  
CMSEL,,_Y      
LESIZE,_Y1, , ,4, , , , ,1    
FLST,5,2,4,ORDE,2    
FITEM,5,380  
FITEM,5,416  
CM,_Y,LINE   
LSEL, , , ,P51X  
CM,_Y1,LINE  
CMSEL,,_Y    
LESIZE,_Y1, , ,64, , , , ,1    
TYPE,   1    
MAT,       3 
REAL,    
ESYS,       0    
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SECNUM,    
MSHAPE,0,3D  
MSHKEY,1  
CM,_Y,VOLU   
VSEL, , , ,      57  
CM,_Y1,VOLU  
CHKMSH,'VOLU'    
CMSEL,S,_Y     
VMESH,_Y1      
CMDELE,_Y    
CMDELE,_Y1   















CM,_Y,LINE   
LSEL, , , ,P51X  
CM,_Y1,LINE  
CMSEL,,_Y      
LESIZE,_Y1, , ,64, , , , ,1   
CM,_Y,VOLU   
VSEL, , , ,      57  
CM,_Y1,VOLU  
CHKMSH,'VOLU'    
CMSEL,S,_Y     
VCLEAR,_Y1   
VMESH,_Y1      
CMDELE,_Y    
CMDELE,_Y1   
CMDELE,_Y2   
FLST,5,155,4,ORDE,130    
FITEM,5,1    
FITEM,5,3    
FITEM,5,8    
FITEM,5,10   
FITEM,5,14   
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FITEM,5,16   
FITEM,5,20   
FITEM,5,22   
FITEM,5,26   
FITEM,5,28   
FITEM,5,32   
FITEM,5,34   
FITEM,5,37   
FITEM,5,-44  
FITEM,5,51   
FITEM,5,-54  
FITEM,5,57   
FITEM,5,-60  
FITEM,5,67   
FITEM,5,-70  
FITEM,5,75   
FITEM,5,78   
FITEM,5,-81  
FITEM,5,83   
FITEM,5,94   











































































































CM,_Y,LINE   
LSEL, , , ,P51X  
CM,_Y1,LINE  
CMSEL,,_Y      
LESIZE,_Y1, , ,4, , , , ,1    
FLST,5,71,4,ORDE,71  
FITEM,5,2    
FITEM,5,4    
FITEM,5,6    
FITEM,5,9    
FITEM,5,12   
FITEM,5,15   
FITEM,5,21   
FITEM,5,24   
FITEM,5,27   
FITEM,5,30   
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FITEM,5,33   
FITEM,5,35   
FITEM,5,-36  
FITEM,5,47   
FITEM,5,-48  
FITEM,5,55   
FITEM,5,-56  
FITEM,5,63   
FITEM,5,-64  
FITEM,5,71   
FITEM,5,-72  
FITEM,5,76   
FITEM,5,-77  
FITEM,5,82   
FITEM,5,84   
FITEM,5,90   














































CM,_Y,LINE   
LSEL, , , ,P51X  
CM,_Y1,LINE  
CMSEL,,_Y      
LESIZE,_Y1, , ,5, , , , ,1   
FLST,5,60,4,ORDE,60  
FITEM,5,5    
FITEM,5,7    
FITEM,5,11   
FITEM,5,13   
FITEM,5,17   
FITEM,5,19   
FITEM,5,23   
FITEM,5,25   
FITEM,5,29   
FITEM,5,31   
FITEM,5,46   
FITEM,5,50   
FITEM,5,62   
FITEM,5,66   
FITEM,5,74   
FITEM,5,89   
FITEM,5,91   












































CM,_Y,LINE   
LSEL, , , ,P51X  
CM,_Y1,LINE  
CMSEL,,_Y      
LESIZE,_Y1, , ,8, , , , ,1   
FLST,5,31,4,ORDE,31  
FITEM,5,85   
FITEM,5,87   
FITEM,5,-88  
FITEM,5,93   




























CM,_Y,LINE   
LSEL, , , ,P51X  
CM,_Y1,LINE  
CMSEL,,_Y      
LESIZE,_Y1, , ,64, , , , ,1    
TYPE,   1    
MAT,       1 
REAL,    
ESYS,       0    
SECNUM,   
FLST,5,34,6,ORDE,9   
FITEM,5,1    
FITEM,5,-12  
FITEM,5,16   
FITEM,5,19   
FITEM,5,22   
FITEM,5,25   
FITEM,5,27   
FITEM,5,29   
FITEM,5,-45  
CM,_Y,VOLU   
VSEL, , , ,P51X  
CM,_Y1,VOLU  
CHKMSH,'VOLU'    
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CMSEL,S,_Y    
VMESH,_Y1     
CMDELE,_Y    
CMDELE,_Y1   
CMDELE,_Y2     
TYPE,   1    
MAT,       2 
REAL,    
ESYS,       0    
SECNUM,    
FLST,5,11,6,ORDE,2   
FITEM,5,46   
FITEM,5,-56  
CM,_Y,VOLU   
VSEL, , , ,P51X  
CM,_Y1,VOLU  
CHKMSH,'VOLU'    
CMSEL,S,_Y   
VMESH,_Y1    
CMDELE,_Y    
CMDELE,_Y1   
CMDELE,_Y2     
TYPE,   1    
MAT,       4 
REAL,    
ESYS,       0    
SECNUM,    
FLST,5,11,6,ORDE,10  
FITEM,5,13   
FITEM,5,-15  
FITEM,5,17   
FITEM,5,-18  
FITEM,5,20   
FITEM,5,-21  
FITEM,5,23   
FITEM,5,-24  
FITEM,5,26   
FITEM,5,28   
CM,_Y,VOLU   
VSEL, , , ,P51X  
CM,_Y1,VOLU  
CHKMSH,'VOLU'    
CMSEL,S,_Y     
VMESH,_Y1      
CMDELE,_Y    
CMDELE,_Y1   
CMDELE,_Y2   
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FINISH   
/SOL 
FLST,2,125383,1,ORDE,2   
FITEM,2,1    
FITEM,2,-125383   
*DIM,temps,TABLE,64,31,64,x,y,z    
BF,P51X,TEMP, %temps%     
/GO    
FLST,2,60,4,ORDE,60  
FITEM,2,35   
FITEM,2,-36  
FITEM,2,39   
FITEM,2,47   
FITEM,2,-48  
FITEM,2,55   
FITEM,2,-56  
FITEM,2,63   
FITEM,2,-64  
FITEM,2,71   
FITEM,2,-72  
FITEM,2,76   
FITEM,2,-77  












































FITEM,2,422   
/GO  
DL,P51X, ,UY,0      
FLST,2,2,1,ORDE,2    
FITEM,2,56369    
FITEM,2,76186    
/GO  
D,P51X, ,0, , , ,UX, , , , , 
FLST,2,2,1,ORDE,2    
FITEM,2,65655    
FITEM,2,65695     
/GO  
D,P51X, ,0, , , ,UZ, , , , , 
SOLVE    
FINISH   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
